
ARTICLE IN PRESS
0097-8493/$ - se

doi:10.1016/j.ca

�Correspond

H Sala 319,

+55 21 2562 86

E-mail addr

esperanc@lcg.u

(A. Oliveira), r
1Based on

Surfaces’’, by

Oliveira, Paulo

ings of SIBGR

2004 IEEE.
Computers & Graphics 29 (2005) 676–685

www.elsevier.com/locate/cag
A hierarchical sampling approach for polygonizing variational
implicit surfaces

Alvaro Cuno�, Claudio Esperanc-a, Antonio Oliveira, Paulo Roma Cavalcanti
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Abstract

This article discusses an enhanced polygonization algorithm for variational implicit surfaces. The polygonization

scheme is a simple hierarchical adaptation of the Marching Cubes algorithm which takes advantage of some properties

of variational implicits to produce a proper and efficient sampling of the surface. The technique exploits the fact that

variational objects exhibit properties akin to Euclidean distance metrics, thus allowing the polygonizer to quickly

ascertain that a given volume does not contain the surface. Timings show that this technique tends to perform faster

than Bloomenthal’s continuation polygonizer [Bloomenthal J. Graphics Gems IV 1994;324–49].
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1. Introduction

The process1 of creating implicit models has been

intensively studied in the last few decades. This is

attributed to the fact that implicit models posses several

elegant properties, such as definition of the surface by

one analytical function, unification of the surface and

volume modeling, ease in performing complex edit

operations, capacity to represent complex objects and

inside/outside tests.
e front matter r 2005 Elsevier Ltd. All rights reserve
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Alvaro Cuno, Claudio Esperanc-a, Antonio

Roma Cavalcanti which appeared in Proceed-
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Recently, the use of radial basis functions (RBFs) for

the creation of implicit models has been reported in

quite a few publications [1–9]. These models offer

elegant properties such as smoothness (the function is

continuous and differentiable) and direct control over

surface creation. Furthermore, the modeling process

does not require previous knowledge of the surface

topology.

Turk and O’Brien [10] introduced a new approach of

creating implicit surfaces based on RBFs. These surfaces

are described by so-called constraint points, i.e., loca-

tions in 3D through which the surface should pass and

locations that are interior or exterior to the surface. A

3D implicit function is created from these constraint

points using a variational scattered data interpolation

approach. They coined the term variational implicit

surface to refer to the zero-set of such a function. This

implicit function is a sum of weighted RBFs centered on

the constraint points (Turk and O’Brien used triharmo-

nic splines as RBFs). The weights of the RBFs are

determined by solving a linear system of equations.
d.
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The construction of the equations system requires

Oðn2Þ time and Oðn2Þ space, where n is the number of

constraint points, whereas solving the equations system

using direct methods such as LU-decomposition or

singular value decomposition has Oðn2Þ and Oðn3Þ

computational and storage complexity, respectively.

In addition to the cost related to the solution of the

equations system, a high-quality visualization of the iso-

surface requires the function to be evaluated at a very

large number of points. Because of the global nature of

variational implicit functions, all their terms must be

used in computing the value function at any one point.2

Thus, each evaluation of the interpolated function has

OðnÞ time complexity.

The visualization of surfaces of this type can be

done by direct methods such as ray-tracing [11]. Also,

Reuter et al. [12] present a point-based rendering

developed specifically for RBF-based surfaces. Never-

theless, visualization is most frequently achieved by

employing a polygonization scheme such as Bloo-

menthal’s continuation algorithm [13] or the Marching

Cubes algorithm [14].

Most practitioners of implicit shape modeling based

on RBFs favor the use of Bloomenthal’s algorithm,

since it is very efficient and has a fairly well-known

implementation. It also has the advantage of sampling

the space only in the neighborhood of the desired iso-

surface. Being a continuation method, however, it

requires a ‘‘seed’’ point for every connected component

of the iso-surface and providing a complete but non-

redundant set of such seeds may prove to be hard in

some cases.

On the other hand, methods which sample the space

regularly (e.g., Marching Cubes) will detect all con-

nected components which are larger than the sample

cells. However, they are clearly not suitable for the task

at hand since they pay a heavy performance penalty by

sampling the space at irrelevant locations. In this

context, a hierarchical method may prove useful,

provided that it is capable of converging rapidly to

space regions (cells) which straddle the desired iso-

surface.

In this paper, we present an iso-surface extraction

technique based on the hierarchical sampling of the

implicit function domain. The technique minimizes the

number of function evaluations and thus leads to an

efficient application of the Marching Cubes algorithm.

The idea is based on interpolating a pseudo-Euclidean

distance metric enforced by a careful choice of normal

constraint points.

This paper is organized as follows: Section 2 outlines

the methods used for the construction and visualization
2It must be mentioned that approximate methods such as

those described by [1] may help in reducing the number of terms

in the summation.
of implicit models based on RBFs. Section 3 briefly

introduces several concepts related to variational im-

plicit surfaces. Section 4 explains the proposed techni-

que. In Section 5, the experimental results are presented.

Section 6 presents concluding remarks and suggestions

for future work.
2. Related work

2.1. RBF-based implicit function construction

The idea of using RBFs for modeling implicit surfaces

was introduced by Savchenko [15] and Turk and

O’Brien [10]. It consists of producing a scalar field in

which the desired surface is a zero-set, whereas points

inside/outside the surface are mapped to negative/

positive values. Unfortunately, the global nature of this

representation encumbers its use in modeling surfaces

described by a very large number of points.

Morse et al. [2] have used compactly supported radial

basis functions (CSRBFs), introduced by Wendland in

[16], to deal with this problem. Kojekine [6] improved

the method by organizing the sparse matrix produced by

Morse into a band-diagonal sparse matrix which can be

solved more efficiently. Because of the multiple zero-

level sets created by this method, the resulting function

has limited application in CSG, interpolation or similar

applications [2].

Carr et al. [1] have used RBFs for reconstruct-

ing the surface of objects for which range data are

available. In order to be able to deal with large

amounts of data, they benefit from several optimizations

reported by Beatson [17,18]. Afterwards, Laga et al. [7]

introduced the Parametric Radial Basis Functions,

similar to the work of Carr, but adapted them for

fitting smooth objects as well as objects with sharp

boundaries.

Ohtake et al. [19] introduced an implicit representa-

tion specifically designed for rapid and accurate creation

of surfaces from millions of sample points. Basically, the

global implicit function of the surface is given by

blending local quadratic functions according to weights

derived from Partition of Unity functions. They used

different types of quadratic functions to capture exactly

the local surface features. Tobor et al. [20] presented a

similar method, but using RBFs to approximate the

models’ local shape.

Recently, Shen et al. [9] presented a method to

construct implicit models based on the interpolation or

approximation of huge polygonal data. In their propo-

sal, the implicit functions are represented by using a

moving least-squares formulation. They successfully

reconstructed models with sharp edges and many small

features.
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2.2. Polygonization

Once modeled, an analytically-defined implicit

function such as the kind produced by RBFs may

be visualized in several ways. Most frequently, one

wishes to produce a piecewise linear approximation

of its zero-set. This procedure is known as polygoniza-

tion. A detailed survey of polygonization methods is

beyond the scope of this paper. We refer the interested

reader to comprehensive works in the area such

as [21,22].

Lorensen and Cline [14] presented the Marching

Cubes algorithm for constructing iso-surfaces of 3D

medical data. The basic principle is to reduce the

problem to that of triangulating a single cube, which is

intersected by a surface.

Bloomenthal [23] presented a polygonization algo-

rithm in which the implicit function is adaptively

sampled by subdividing space with an octree-like

partitioning scheme, which may either converge to the

surface (using octree cubes subdivision) or track it (by

cell propagation). Terminal octree cells are then

poligonized in constant time. Adaptive subdivision is

also used to solve ambiguity problems.

In addition to these two basic approaches, many

variants were proposed in order to deal with the inherent

sampling problems (e.g., [24,25]). In essence, these

variants try to reduce the sampling rate and, at the

same time, ensure that the resulting surface is geometric

and topologically correct.

Another class of polygonization algorithms are the so-

called dual methods [26,27]. These algorithms are

especially good at reconstructing thin and/or sharp

features present in some implicit models such as those

produced by CSG systems. The polygonal mesh

produced by these methods is dual to the mesh produced

by the classical Marching Cubes algorithm.

Recently, Schaefer and Warren [28] proposed the

Dual Marching Cubes approach, which solves some

problems related to the excessive number of subdivisions

required by both Marching Cubes and Dual Contour-

ing. They employ a grid topologically dual to an octree.

The vertices of the dual grid are positioned at the

features of the implicit function inside each cell of the

octree.

In general, any polygonizer developed for general

implicit functions can be used to polygonize variational

implicit surfaces. Turk and O’Brien [10,29], and

Karpenko [30] performed iso-surface extraction using

Bloomenthal’s continuation method. Huong Quynh

Dinh et al. [3,4] extracted iso-surfaces using Marching

Cubes [14]. Carr et al. [1] used a continuation method

based on the marching tetrahedra algorithm [24].

Specific polygonizers for variational implicit surfaces

were presented by [31,7,32]. The Crespin [31] algorithm

performs an incremental Delaunay tetrahedralization of
the constraint points. But it is very expensive and does

not present visually good results.

Laga et al. [7] used an octree scheme to find voxels

near constraint points. The voxel classification proce-

dure’s main advantage lies in the fact that it does not

require evaluation of the implicit function. After

boundary voxels are found, they are polygonized by

having their corners evaluated. The main shortcoming

of this method is that it cannot be used when the point

density is low.

Jin et al. [32] present an approach which requires

a coarse input mesh which approximates the desired

iso-surface. This control mesh is recursively sub-

divided to a given level using a polyhedral subdivision

scheme. Since the new added vertices usually do not

lie on the implicit surface, they are mapped to the

implicit surface using Newton’s iteration method.

The algorithm is efficient and produces high-quality

meshes as a result of the interpolating subdivision

scheme. The only drawback is that it requires a

triangular mesh in order to supply the necessary

connectivity information.
3. Variational implicit surfaces

Variational implicit surfaces are used in the context of

the scattered data interpolation problem stated as

follows:

Given a set of n distinct constraint points

fc1; c2; . . . ; cng, c 2 R3, and a set of function values

for each of these points fv1; v2; . . . ; vng, v 2 R, find the

smooth function f : R3
7!R such that f ðciÞ ¼ vi, for

i ¼ 1; . . . ; n. The smoothness of f is enforced by

minimizing the second-order energy functional

given by

Z
x2R3

X
i;j

q2f ðxÞ

qxiqxj

� �2

dx. (1)

The solution to this problem is unique, and is known

as the thin-plate interpolation of the points [33,34].

There are several numerical methods that can be used to

compute this, such as finite elements and finite differen-

cing techniques. Alternatively, the solution can be

expressed in terms of a linear combination of RBFs:

f ðxÞ ¼
Xn

j¼1

ljfðx	 cjÞ þ pðxÞ, (2)

where cj are the positions of the known constraint

points, lj are the weights of the radial basis functions

centered at those points and pðxÞ is a polynomial term.

For the thin-plate solution in 3D, Turk and O’Brien

[10] used pðxÞ ¼ a þ bx þ cy þ dz and the triharmonic
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f > 0

f < 0

f (qi) = 0 f (ni) = w
qi ni

d

Normal constraint point

Boundary constraint point

Fig. 1. The normal constraint points ni are placed along the

estimated normal vector at a distance d from boundary

constraint points qi . The function f is such that f ðxÞo0 for x

inside the curve and f ðxÞ40 outside the curve.
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spline3 fð~rÞ ¼ k~rk3. They called the zero-set of the

implicit function f a variational implicit surface.

To find the lj set and polynomial coefficients a; b; c; d
we need to satisfy the interpolation constraints

f ðciÞ ¼ vi. Substituting their left-hand side, yielded:

Xn

j¼1

ljfðci 	 cjÞ þ pðciÞ ¼ vi. (3)

Additionally, the set of lj have to satisfy the orthogo-

nality conditions:

Xn

i¼1

li ¼
Xn

i¼1

lic
x
i ¼

Xn

i¼1

lic
y
i ¼

Xn

i¼1

lic
z
i ¼ 0, (4)

where ci ¼ ðcx
i ; c

y
i ; c

z
i Þ.

Since Eqs. (3) and (4) are linear with respect to the

unknowns lj , a, b, c and d, the problem can be

formulated as a linear system. Let fij ¼ fðci 	 cjÞ. Then

this linear system can be written as follows:

f11 f12 . . . f1n 1 cx
1 c

y
1 cz

1

f21 f22 . . . f1n 1 cx
2 c

y
2 cz

2

..

. ..
. ..

. ..
. ..

. ..
. ..

.

fk1 fk2 . . . fkn 1 cx
k c

y
k cz

k

1 1 . . . 1 0 0 0 0

cx
1 cx

2 . . . cx
n 0 0 0 0

c
y
1 c

y
2 . . . cy

n 0 0 0 0

cz
1 cz

2 . . . cz
n 0 0 0 0

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

l1
l2

..

.

ln

a

b

c

d

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

¼

v1

v2

..

.

vn

0

0

0

0

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

.

(5)

This system is symmetric and positive semi-definite,

and can be solved by direct or approximate methods.
4. The polygonization algorithm

4.1. Specification of normal constraint points

A variational implicit function is modeled by specify-

ing a set of n constraint points fc1; c2; . . . ; cng, together

with a set of function values fv1; v2; . . . ; vng at the given

points [5]. To control the implicit surface we may specify

boundary constraint points which are the positions that

take the value zero, and the created implicit surface will

pass exactly through these points. In addition, we may

generate the normal constraint points that are the

positions that will define the orientation of the surface.

The choice and placement of constraint points are

strongly dependent on the application. In reconstruction

applications (e.g., [5]), the input data are frequently a

polygonal mesh whose vertices qi are used as boundary

constraint points. Also, for each vertex qi, a normal
3Although here we focus on thin-plate radial basis functions,

it should be noted that other RBFs may also be used.
vector is estimated and a normal constraint point

ni is introduced by displacing qi by a given small

distance d along that vector. This normal constraint

point is assigned a value of w. In brief, the constraints

are given by f ðqiÞ ¼ 0 and f ðniÞ ¼ w. Fig. 1 illustrates

the idea.

For reasons that will become clear later, we would like

to ensure the following property for the interpolant:

jf ðxÞjpdðx;SÞ, (6)

where S is the zero iso-surface of f and d denotes the

Euclidean distance metrics.

The primary means for enforcing this property is to

adjust the values of w and d. A necessary condition is

that wod. This guarantees that if ni is a normal

constraint point, then f ðniÞod. It is reasonable to

assume that d is a good approximation of the Euclidean

distance between ni and S. In our implementation, this

assumption is made stronger by ensuring that no other

vertex qj ; jai is closer to ni [1]. Furthermore, we may set

w so that it is significantly smaller than d, and thus

ensuring property (6) within a limited neighborhood

of S.

Fig. 2 illustrates how the interpolating function

and the Euclidean distance function vary along a line

intersecting a reconstruction of the ‘‘Stanford Bunny’’

(Fig. 2a). The model was created based on a 800-vertex

polygonal mesh using d ¼ 0:015 and w ¼ 3d=4. We

may observe that the value of the interpolating func-

tion is less than or equal to that of the Euclidean

distance function in the neighborhood of the model

(Fig. 2b). As the sampled point gets farther from

the model, however, the interpolating function will

eventually catch up with the Euclidean distance function

(see Fig. 2c).

Fortunately, our polygonization method does not

require property (6) to be valid everywhere, but only

within a limited neighborhood of the model.
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The interpolating function

Euclidean distance

The interpolating

Euclidean distance

function

Fig. 2. (a) A cross-section of the interpolating function of

Stanford Bunny. (b) Plot of the interpolating function f and the

Euclidean distance metrics evaluated along a line in the

neighborhood of the model. (c) A zoom-out of the chart shown

in (b).

f (x) = ∆

f (x) = 0

r

s1
C1

�

S

r
s2

�

C2

�(x,S) ≥ f (x)

�(x,S) ≥ ∆  

Fig. 3. A cell C1 ‘‘near’’ from S may be rejected if f ðs1Þ4r since

in this case dðs1;SÞ4r. A cell C2 ‘‘distant’’ from S satisfies

f ðs2Þ4D and thus also satisfies dðs2;SÞ4D. C2 can be discarded

provided that roD.
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4.2. Construction of the interpolating function

Once the constraint points are determined, the linear

equation system (5) is constructed and solved. We use a

standard LU-decomposition method for this purpose.

It should be noted, however, that due to the use of

triharmonic splines as basis functions, the resulting

matrix is dense and entries tend to assume larger values

in positions which are more distant from the main

diagonal. In particular, entries on the main diagonal

have zero values. Such ill-conditioned matrices can be

solved by direct and approximate methods only at a high
computational cost. Recently, some mathematical ad-

vances were proposed which helped in dealing with this

problem. Among these, we may cite the Beatson–Faul–

Goodsell–Powell (BFGP) method, Fast Multipole

methods and pre-conditioning-based methods. See [34]

for details of this classification.

4.3. Adaptive space sampling

In this step the space is sampled using progressively

finer grids in order to find which cells of a given target

size straddle the surface. The idea is to refine a grid cell

only if it contains a part of the surface. Finally, we

obtain a set of non-overlapping cells of equal size, each

of which is guaranteed to overlap the surface. These are

then triangulated using the standard Marching Cubes

method.

Let C be a cubic cell of the grid. In order to determine

whether C straddles the surface, we evaluate the

interpolating function at the cube’s center s. If r is the

radius of the smallest sphere which contains C, then the

iso-surface S may intersect C only if dðs;SÞpr. We shall

assume that property (6) is valid within a given

neighborhood of S, say, all points x such that

jf ðxÞjpD. This is stated as follows:

jf ðxÞjpD ) dðx;SÞXjf ðxÞj. (7)

Thus, as long as s is inside that neighborhood, we may

substitute f ðsÞ for dðs;SÞ in our distance test (see Fig. 3).

In other words, cell C need not be subdivided if

rojf ðsÞjpD.
Let us now consider a cell C which is relatively distant

from S, more specifically, a cell whose center s is such

that jf ðsÞj4D. In this case, it is safe to assume that the

distance between s and S is also greater than D, since all

points p which are at a distance smaller than D to S
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necessarily satisfy jf ðpÞjoD. Thus, we may state

jf ðxÞj4D ) dðx;SÞ4D. (8)

We may take advantage of this by ensuring that the

radius of C is never greater than D since in this case

jf ðsÞj4D will necessarily imply dðx;SÞ4r, meaning that

the cell cannot intersect S (see Fig. 3). This assumption

permits us to cover both cases (cell ‘‘near’’ or ‘‘far’’ from

S) with a single simple rejection test:

jf ðsÞj4r ) C does not straddle S. (9)

One last issue remains to be addressed: How is D
established? In practice, there is no need to compute a

fixed value for D, but merely to ensure that it is large

enough, i.e., that the largest cell radius used in the

polygonization process is never greater than D. This is

accomplished by using a sufficiently large ratio between

d and w (see Fig. 4). Nonetheless, too large a ratio will

have a detrimental effect on the algorithm performance.

To observe this, notice that in this case, f ðxÞ will return

too low an estimate for dðx;SÞ in many cases, thus

requiring many cells to be subdivided needlessly. We

conducted several experiments (see Section 5) that

indicate that d ¼ 4w=3 is usually a large enough ratio

without incurring heavy performance penalties.

The space sampling algorithm used in our implemen-

tation is summarized in the following pseudo-code:

procedure SpaceSample(f, C, maxlevel, level)
1.
0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

Fig

exp

by
If ðlevel ¼¼ maxlevelÞ then

(a) Evaluate f at those corner points of C that were

not yet evaluated;

(b) MCcellPolygonize(C);
-1
.00

-0

. 4.

erim

ð	1;
.88
-0

.76
-0

.64
-0

.52
-0

.40
-0

.28
-0

.16
-0

.040.0
8

0.2
0

0.3
2

0.4
4

0.5
6

0.6
8

0.8
0

0.9
2

Euclidean distance
w / d = 5 / 6
w / d = 4 / 5
w / d = 3 / 4
w / d = 2 / 3
w / d = 1 / 2
w / d = 1 / 5

d = 0.015
d = 0.015
d = 0.015
d = 0.015
d = 0.015
d = 0.015

Plot of the various interpolating functions used in the

ents (see Table 1), evaluated on the line segment defined

	1;	1Þ and (1,1,1).
2.
 Else If (Straddle(f, C)) then

(a) Subdivide C into 8 sub-cubes Ci of equal size;

(b) For i ¼ 0; . . . ; 7 do

SpaceSample(f, Ci, maxlevel, level+1).
Function Straddle performs the rejection test (9). It
returns true if C straddles the surface f ðxÞ ¼ 0 and false

otherwise. Unit (leaf) cubes correspond to the maximum

subdivision level maxlevel. These are passed to function

MCcellPolygonize, which performs the cell triangulation

process [14]. The rejection test on these cubes is

implicitly performed by the Marching Cubes standard

procedure, i.e., by examining the signs of the function at

the cube’s corners.

A crucial consideration when implementing this

algorithm is to avoid reevaluating the implicit function

at points already visited. For instance, the ‘‘if’’ clause in

Step 2 evaluates the function at the center of cube C, this

value may later correspond to a cube corner in Step 1(a).

Our implementation employs a cache of evaluated

points so that f is computed only once for each space

point.
5. Experiments

The experiments were performed on a PC equipped

with an AMD-Duron processor running at 1.3GHz and

256MB of main memory.

All models were simplified down to 800 vertices and

placed inside a cubical space with ð	1;	1;	1Þ and

(1,1,1) as minimum and maximum points, respectively.

In our implementation the cubical space is uniformly

divided into a 3D grid of identical cubes whose size is

s � s � s, where s is a power of two.

We first conducted experiments aimed at finding

‘‘optimal’’ values for the maximum cell radius r and

for the w=d ratio. For this purpose, we performed the

polygonization of the ‘‘Stanford Bunny’’ data set using

six values of w=d (0.2, 0.5, 0.667, 0.75, 0.8 and 0.83) and

six values for r. Since we use an octree-like decomposi-

tion scheme, the six values of r correspond to the octant

radii of consecutive refinement levels of the initial cubic

space, i.e.,
ffiffiffi
3

p
=2,

ffiffiffi
3

p
=4, and so forth. In Table 1 we

observe the direct relation between different values of r

and w=d. A small w=d ratio implies a large D size,

making it possible to use large initial sizes for r while still

yielding a correct polygonization. However, large D’s
have a detrimental effect on the algorithm performance.

Fig. 4 illustrates how the value of D depends on the

w=d ratio. Recall that D denotes the ‘‘size’’ of the region

where f can be used as a lower bound for the Euclidean

distance.

Next, we performed other experiments to test the

efficiency of the algorithm on the polygonization of

some reconstruction functions. See results in Figs. 5
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Table 1

Results of the proposed algorithm in polygonizing the ‘‘Stanford

Bunny’’ reconstruction function modeled with different values

of w=d

r ¼
ffiffi
3

p

2
r ¼

ffiffi
3

p

4
r ¼

ffiffi
3

p

8
r ¼

ffiffi
3

p

16
r ¼

ffiffi
3

p

32
r ¼

ffiffi
3

p

64

w
d
¼ 1

5
26.38% 26.38% 26.38% 26.36% 26.68% 32.78%

ok ok ok ok ok ok
w
d
¼ 1

2
12.36% 12.36% 12.36% 12.41% 13.26% 21.94%

ok ok ok ok ok ok
w
d
¼ 2

3
9.89% 9.89% 9.89% 9.97% 10.93% 20.09%

ok ok ok ok ok ok
w
d
¼ 3

4
9.01% 9.01% 9.01% 9.10% 10.10% 19.44%

ok ok ok ok ok ok
w
d
¼ 4

5
8.57% 8.57% 8.58% 8.67% 9.69% 19.12%

hole hole hole hole ok ok
w
d
¼ 5

6
8.29% 8.29% 8.30% 8.39% 9.42% 18.90%

hole hole hole hole hole ok

d was set to 0:015 in all tests. The percentage values correspond

to the total number of function evaluations required by the

algorithm compared with the number of evaluations required

by a standard Marching Cubes. A ‘‘hole’’ value means that

resulting polygonization is incorrect, i.e., the algorithm rejected

one or more cells straddling the surface.

Fig. 5. Different models polygonized
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and 6 on the left-hand side of Table 2. All functions were

constructed using 800-vertex polygonal meshes as input

data and setting d ¼ 0:015 and w=d ¼ 3=4. The LU

decomposition for solving the equations system took

42 s in all experiments. The initial cube was initially

subdivided into 128� 128� 128 cells.

It should be stressed that continuation algorithms in

general cannot be believed upon to find all connected

components of the surface automatically. As a case in

point, each of the two rightmost models shown in Fig. 7

contains a single implicit function whose zero sets

contain two and three connected components, respec-

tively. A polygonizer such as Bloomenthal’s would

require manually entering additional seeds in order to

deal with these models.

Finally, some experiments were performed to com-

pare the proposed algorithm with Bloomenthal’s con-

tinuation implementation [13]. In order to obtain a

‘‘fair’’ comparison, we had to modify Bloomenthal’s

implementation so that its vertex computing function,

which ordinarily uses binary subdivision, would employ

linear interpolation instead. Moreover, the algorithm

was configured to use cubical decomposition instead of

the default tetrahedral decomposition. Also, a vertex of
with the proposed technique.
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Fig. 6. Plots for the data in Table 2: (a) number of evaluations and (b) running time.

Table 2

Comparison between Bloomenthal’s continuation algorithm and the proposed technique

Model Constraint

points

(number)

The proposed algorithm Bloomenthal’s algorithm

Iso-surface

extraction (S)

Evaluations

(number)

Triangles

(number)

Evaluations

(%)

Iso-surface

extraction (S)

Evaluations

(number)

Triangles

(number)

1. Bunny 1600 58 193 395 81 340 9.01 75 244 171 81 420

2. Horse 1600 34 111 560 47 028 5.20 43 141 128 47 088

3. Torus2 1600 27 90 654 33 932 4.22 31 102 867 34 304

4. Hand 1599 26 83 202 34 660 3.87 32 104 085 34 720

5. Head 1600 53 176 270 71 528 8.21 65 214 441 71 508

6. Knot 1600 81 269 701 114 704 12.56 104 343 725 114 592

Fig. 7. Polygonization of implicit models with both arbitrary topology and several connected components.
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the polygonal mesh is used as the seed point. In both

implementations, the cube sizes correspond to a 128�

128� 128 decomposition of the world space. The

comparison results are shown in Table 2.

The experiments roughly indicate a 20% improvement

of our technique over Bloomenthal’s implementation.

As one might expect, the number of triangles for both

methods are almost identical. The slight variation is due

to the fact that the cubical decompositions are not the

same, since the ‘‘seed’’ point used in Bloomenthal’s code

determines the decomposition’s origin. The improved

performance can be attributed to the smaller number
of function evaluations performed by the proposed

technique.

We also tested the generated meshes for topological

consistency with positive results. This test is necessary

because for some values w and d (see Table 1) the

algorithm rejects some cells that straddle the surface,

generating holes on the polygonized model. Examples of

this behavior are presented in Fig. 8.

It should be noted, however, that the proposed

technique is based on the Marching Cubes [14]

algorithm and thus it inherits all its disadvantages such

as the generation of an excessively large number of
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Fig. 8. Polygonization with incorrect results, that is, holes on

the resulting model. The models were interpolated using w ¼

d ¼ 0:015 and polygonized with a 128� 128� 128 grid.

A. Cuno et al. / Computers & Graphics 29 (2005) 676–685684
triangles and the introduction of some ambiguities in

lower resolutions.
6. Conclusions and future work

We have presented a technique for the fast poly-

gonization of variational implicit surfaces. This techni-

que minimizes the number of costly function evaluations

using a hierarchical sampling of the space and thus

permitting an efficient application of the Marching

Cubes [14] algorithm.

The proposed technique can also be applied to the

polygonization of other classes of implicit objects, as

long as their generating functions behave as lower

bounds for Euclidean distance metrics within a given

neighborhood (see the discussion in Section 4.3). One

important observation is that this condition is consider-

ably weaker than the well-known Lipschitz criteria

exclusion [11].

Additionally, it should be possible to adapt the ideas

presented in this paper to other visualization techniques.

For instance, ray tracing of implicit surfaces could be

efficiently performed by coupling the proposed voxel

rejection criteria with standard octree-based speed-up

techniques.

To conclude, we would like to explore this technique

in the context of the FastRBF [1] implicit evaluation

technique as well as extend the polygonizer with the use

of dual grids in order to support sharp features.
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