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Abstract
In this paper, we discuss some novel techniques for modeling sedimentation and
compaction using fully unstructured meshes. The numerical modeling of the
sedimentation process is a critical part of basin simulation and synthetic stratigraphy
modeling. Normally, structured curvilinear meshes are used to represent sedimentary
sequences to be deposited during the simulation. Using this approach, 2D grids represent
layers of newly deposited sediments of a sequence during the simulation. In simulations
that involve compaction, the 3D meshes are restricted to have vertical planes parallel to
depth direction in order to accommodate the compaction calculation since most
compaction algorithms in basin modeling are essentially one-dimensional. This kind of
curvilinear mesh poses severe limitations to represent complex geological structures such
as non-vertical faults, pinch-outs and salt domes. Unstructured meshes are much more
flexible for representing complex geometry. We have developed new algorithms to use
arbitrarily defined unstructured meshes for modeling numerically sedimentation and
compaction in 2D and 3D. These algorithms (1) allow the generation of stratigraphic
meshes by solving the Laplace equation to generate isosurfaces representing time lines
that constrain the triangulation and (2) use a Streamline Upwind Finite Element
formulation (SUPG) to calculate compaction during the simulation of evolving
sedimentary basins. These algorithms have being applied with success in a 3D multiphase
fluid flow simulator that we are developing to handle complex geometries with distinct
degrees of mesh refinement/resolution during the simulation.

Introduction
In many geoscientific applications, a flexible discretization method is extremely useful in
the definition of complex geological geometries, discontinuity, and to enhance the
resolution close to areas of interest. Traditional Cartesian grids with finite difference
methods are not appropriate for representing complex geometries or grid refinement. It is
desirable to adopt the intrinsic mesh flexibility of finite element or finite volume methods
to simulate numerically geological processes. Although curvilinear grids are extensively
used in the literature (e.g., Bathke, 1985; Burrus & Audebert, 1990), they do not provide

sufficient flexibility to align the grids with arbitrarily shaped geological structures such as
salt domes, pinch-outs, faults and etc. Additional limitations arise to align structured
grids with varying permeability and conductivity tensors, when solving heat and fluid
transfer equations.
Flexible unstructured meshes overcome limitations of the structured grids (Cartesian and
curvilinear). Despite the advantages of unstructured meshes for representing complex
geometries, their use is not widespread due to the lack of algorithms to take advantage of
unstructured grids. In this paper, we suggest novel techniques for fully exploit the
intrinsic flexibility of unstructured meshes to model sedimentation and compaction.
These techniques are being applied with success in a 3D multi-phase and single-phase
fluid flow simulator that we are developing to handle complex geometries with distinct
degrees of mesh refinement and resolution during the simulation.
In the following sections, we present a brief summary about the advantages and
limitations of the most commonly adopted meshing strategies in basin modeling, then we
present a technique to generate stratigraphic meshes in 2D and 3D for modeling
sedimentation and compaction. In the sequel, we discuss a method to calculate the
lithostatic pressure and compaction of sediments in 2D and 3D that does not required the
mesh cells to be separated by vertical planes or lines. At the end, we apply these
techniques to simple test cases to demonstrate their correctness and accuracy.

Meshing and basin representation
In this section we discuss the advantages and limitations of the most common gridding
strategies used to represent geological objects in basin modeling.

Curvilinear grids
Curvilinear grids (Figure 1) are one the most popular form of discretization of geological
layers for basin modeling and reservoir simulation. This kind of grid has various
advantages: (1) it is relatively easy to generate in 2D and (2) there are many algorithms
available for 2D cases (e.g., Knupp & Steinberg, 1993). Because these grids are
structured, or regular, it is simple to obtain adjacency information from neighboring cells
because they have constant and implicit adjacency. In addition, cells, or elements, of a
structured curvilinear grid can be addressed programmatically by a triplet of indices, (i, j,
k), which is quite convenient for finite difference methods. Irregular basin layers can be
mapped with finite difference grid by making the x-direction curvilinear along
stratigraphic time lines and maps it to the i-direction of the computational grid. This
characteristic makes curvilinear grids highly adaptable to represent lateral
heterogeneities, and to be used efficiently with geostatistical algorithms with one
variogram for each major axis of the grid.

The disadvantages of curvilinear grids become apparent in Figure 1. If one wishes to
represent the border of a basin accurately without truncation (Figure 2), the quadrangular
elements close to the border would become degenerated since it would have to become
triangular in shape. This problem is accentuated in cases of complex geometries such as
salt domes. In addition, if internal boundaries representing faults and fractures are
necessary in simulations, the generation of conformal curvilinear grids including internal
boundaries is more complex (e.g., Shape & Anderson, 1990). In addition, these
algorithms are not easily extendable to 3D, especially if grid orthogonality is required. It
is important to note that the grid displayed in Figure 1b is clearly non-orthogonal. Nonorthogonal grids produce cross-flow terms in the solution of heat and fluid transfer
problems, resulting in inaccurate solutions if the full cross-derivative terms are not
included in the numerical solution (and they are normally not). Another significant
limitation is the representation of anisotropy in these grids. If anisotropy does not align
with the time lines in the grid, it extremely difficult, if not impossible, to generate a grid
that aligns to arbitrary directions of anisotropy and stratigraphic time lines
simultaneously.

Meshes based on triangle-strips
This class of meshes emerged out of the need for more flexibility in representing
geological features such as pinch-outs and borders of basins. Typical examples of this
class of meshes can be found in Person & Garven (1989) and Bitzer (1996) in which
geological layers are represented by a strip of triangles properly connected between two
time lines (Figure 3). Although the generation of this kind of mesh is not much more
difficult than the curvilinear grids, it provides much greater flexibility in terms of
geometry representation and anisotropy discretization. Even simple cases of salt motion
can be handled by this meshing technique (e.g., Mello et al., 1995).
In theory, this class of meshes can be extended to 3D but usually they present the same
sort of limitations in terms of geometry that curvilinear grids possess. This happens
because they are generated in two steps. First the generation of a curvilinear grid that is
then, in a second step, converted to a tetrahedral grid. This conversion is performed by
subdividing each hexagonal element into 5 or 6 tetrahedral elements. However, in terms
of anisotropy discretization, triangular and tetrahedral elements can accommodate
arbitrary anisotropy directions easily if methods such as Finite Element and Finite
Volumes are used (e.g., Zienkiewicz et al., 1966).
Despite the greater flexibility of this class of meshes, they are not fully exploited for
basin modeling applications due to the lack of algorithms that can handle compaction in
2D or 3D. In basin modeling, compaction is assumed to occur only in the vertical
direction and it is considered essentially a one-dimensional process (e.g., Athy, 1930). To
take advantage of 1D compaction algorithms (Sclater & Christie, 1980; Bethke, 1985),
2D and 3D meshes are restricted to have vertical planes parallel to depth direction (Figure
3b). Similarly to curvilinear grids, this severely restricts the ability of these meshes to
represent complex geological structures.

Unstructured triangular and tetrahedral meshes
Fully unstructured meshes are the most flexible to represent both complex geometry and
anisotropy (Figure 4). The generation of triangular and tetrahedral meshes for arbitrary
shapes is well understood (e.g., George, 2000) and Delaunay triangulations can be
applied effectively to create meshes for very complex geological shapes (Cavalcanti &
Mello, 1999; Mello & Cavalcanti, 2000). Unlike the triangle-strip based meshes, the
generation of unstructured meshes is straightforward and they do not require an initial
curvilinear grid. This is very advantageous for steady-state simulations in which
sedimentation and active compaction is not modeled. However, in order to model
sedimentation, unstructured meshes must be constrained by boundaries and by predefined
stratigraphic time lines of the geological layer. This can be achieved using constrained
Delaunay triangulation methods, as it will be described in the following section.

Unstructured stratigraphic mesh generation
As mentioned before, when we model evolving sedimentary basin, it is necessary to
create meshes that are aligned with the stratigraphy of geological layers. Making the
mesh conformal to the time lines defining the statigraphic record is essential for
accurately model sedimentation and anisotropy within sedimentary units. As shown in
Figure 4, we can constrain the generation of unstructured meshes with boundaries
defining the top and the base of these units. However, normally internal points have to be
created within the units to improve the mesh quality (Mello & Cavalcanti, 2000). The
point creation is usually based on geometric criteria that improve some metric of the
mesh. In this study, it is our goal to create points that are along the time lines of the
stratigraphic record. In order to accomplish this, we devised an algorithm to extract
isosurfaces representing the geometric positions of time lines within the units. The points
defining these surfaces are then used to generate the stratigraphic mesh for the unit. This
algorithm is based on the concept that age ( Φ ) of the sediments can be considered a
potential field and consequently the following boundary value problem can be solved to
estimate the age of any internal node created in the unit:
∇ 2Φ = 0

in Ω

Φ = at ( x)

at Γt

Φ = ab ( x)

at Γb

,

where Ω represents the unit domain, Γt the top boundary and Γb the bottom boundary.
The boundary conditions are defined by the age at top and bottom boundaries (Figure 5)
of the stratigraphic unit. In this study, this problem is solved using the Element-byElement (EBE) technique (Smith & Griffiths, 1998), which is a "matrix-free" method
based on the conjugate gradient method and matrix-vector multiply at element level. This
approach greatly reduces the memory requirement for solution of the Laplace equation

because there is no need to assemble the global stiffness matrix. Only the storage of the
element stiffness matrices is required.
The algorithm to generate unstructured stratigraphic meshes follows the steps:
1. Select the stratigraphic unit to be subdivided;
2. Create a general mesh within the unit;
3. Define the ages on the top and bottom of the unit;
4. Solve the Laplace equation using Finite Elements (Zienkiewics & Taylor, 1989);
5. Generate isosurfaces defining time lines using a variation of the Marching cubes
algorithm for triangles or tetrahedra (Schroeder et al., 1997);
6. Insert the isosurfaces in the triangulation as internal boundaries;
7. Generate a Delaunay triangulation with internal boundaries as constrain
(Cavalcanti & Mello, 1999).
A simple example of the application of this algorithm can be seen in Figures 6 and 7. In
Figure 6, we started from a geological object representing a sigmoid geometry, typical of
progradational sequences in deltaic depositional environments. For these examples, we
assumed that the age at the top and bottom of the sigmoid were constant. After generating
a general unstructured mesh, we solve the Laplace equation described before to find time
lines (iso-ages). The time lines were then used to constrain the generation of a new mesh
that contains these constraining lines. This technique is quite general and can be applied
to regions with complex geometry. Figure 7 was generated in the same manner but in 3D.
Note that in 3D, the definition of boundary conditions can be difficult to be accomplished
automatically because the creation and maintenance of 3D models for basin modeling can
be very complex (Mello & Henderson, 1997; Mello & Cavalcanti, in press). This
algorithm has been implemented in MultiMesh Toolkit, which is described in detail in
Mello & Cavalcanti (in press).

Compaction in unstructured meshes
Before deriving the equations for compaction using unstructured meshes is useful to
derive the equations to calculate the weight of the sediments, or the overburden lithostatic
pressure, because these equations have the same characteristics of the compaction
equations but they are simpler to understand.
Sediment overburden lithostatic pressure
The lithostatic pressure can be expressed in terms of the weight of the sea-water column
and the sediment column. The overburden pressure at depth z is:
zs

z

[

]

S ( z ) = ò ρ f gdz + ò φρ f + (1 − φ ) ρ s dz
0

zs

,

where ρf is the density of the fluids (water), ρs is the density of the solid grains
composing the sediment framework, g is gravity, φ is porosity, zs is the sea depth.

(1.1)

If the water density in the sea column is assumed to constant, the first integral of equation
(1.1) can be integrated analytically:
z

[

]

S ( z ) = ρ f gz s + ò φρ f + (1 − φ ) ρ s dz
zs

.

(1.2)

In this study, we assume that within the sediment column, the water and sediment
densities vary with temperature, and porosity varies with composition and pore pressure.
Because these variations are in general nonlinear and not known a priori, equation (1.2)
cannot be integrated analytically. Thus the integral in (1.2) should be solved numerically.
In 1D, or at vertical lines of structured meshes, where the nodes are vertically aligned,
solving this integral is straightforward. In fully unstructured meshes, the nodes are rarely
aligned vertically, and thus the integral in (1.2) should be performed using a
multidimensional integration method. In order to integrate the second part of (1.2), we
use initially the traditional Galerkin Finite Element Method to solve the following
ordinary differential equation:
dS
= [φρ f + (1 − φ ) ρ s ]g = ρ a g
dz

,

(1.3)

where ρ a = [φρ f + (1 − φ ) ρ s ]g is the bulk density of the sediments, defined here to
simplify the notation of the equations in this section. Using standard Finite Element
Method (Zienkiewicz & Taylor, 1989), we approximate the unknown function S by:

S = å N j Sˆ j = [N]{S} = NS ,

(1.4)

j

where N is the element basis function. It is convenient to recast equation (1.3) using the
differential operator L1:
L1 ( S , ρ a ) =

dS
− ρa g
dz

.

(1.5)

Applying the Galerkin approach to (1.5), and using the weighting function W, we obtain:
æ dNS
ö
− ρa g ÷ d Ω = 0
L1 ( S , ρ a ), W = ò WT ç
Ω
è dz
ø

.

(1.6)

Using the fact that in the Galerkin method, the weighting function is the element basis
function, (1.6) becomes:

ò

Ω

æ T dN ö
T
çN
÷ d ΩS = òΩ ( N ρ a g ) d Ω
dz ø
è

.

(1.7)

In matrix notation (1.7) can be expressed as:
K sS = fs

,

(1.8)

where:
dN ö
æ
K s = ò ç NT
÷ d Ω and
Ω
dz ø
è
f s = ò ( NT ρ a g ) d Ω .

(1.9)
(1.10)

Ω

By solving equation (1.8), one obtains the lithostatic pressure of the sedimentary column
at all nodes of the mesh. Equation (1.9) can be expanded for a simplex tetrahedral
element:
é dN1
ê N1 dz
ê
ê N dN1
ê 2 dz
d
N
æ
ö
d
Ω
=
K s = ò ç NT
ê
÷
Ω
dz ø
è
ê N 3 dN1
ê
dz
ê dN
ê N4 1
êë
dz

dN 2
dz
dN 2
N2
dz
dN 2
N3
dz
dN 2
N4
dz
N1

dN 3
dz
dN 3
N2
dz
dN 3
N3
dz
dN 3
N4
dz
N1

dN 4 ù
dz ú
ú
dN 4 ú
N2
dz ú
ú
dN 4 ú
N3
dz ú
dN 4 ú
ú
N4
dz úû
N1

.

(1.11)

In this case, we can observe that the stiffness matrix (1.9) is not symmetric, and
frequently it has zeros on its diagonal, which is undesirable for the solution of linear
systems. We have solved (1.8) using GMRES without problems when no preconditioners
were used. However, it is desirable to eliminate the zeros from its diagonal and decrease
its asymmetry to utilize preconditioners more efficiently and accelerate the solution of
(1.8). This can be achieved by using the Petrov-Galerkin Method normally used for
convection-dominated problems. See appendix for the explanation why equation (1.3)
was related to convection-dominated problems. The Petrov-Galerkin weighting function
can be expresses by the equation (Zienkiewicz & Taylor, 1991):
W T = NT +

α h Ai ∂NT
2 A ∂xi

.

(1.12)

For calculating the lithostatic pressure, this function can be greatly simplified because the
direction of the upwind defined by the vector A is always a unit vector in the z-direction.
Thus (1.12) reduces to:

W T = NT +

hz ∂NT
2 ∂z

,

(1.13)

where hz is the element size in the z-direction. Applying (1.13) into (1.6), we obtain:
æ T hz ∂NT ö æ dNS
æ dNS
ö
ö
òΩ W çè dz − ρa g ÷ø d Ω = òΩ çè N + 2 ∂z ÷ø çè dz − ρa g ÷ø d Ω = 0 ,
T

(1.14)

which expands to:
æ T dN hz ∂NT dN ö
æ T
ö
hz ∂NT
òΩ çè N dz + 2 ∂z dz ÷ø d ΩS = òΩ çè N ρa g + 2 ∂z ρa g ÷ø d Ω

.

(1.15)

In matrix notation (1.15) becomes:
(K s + K su )S = (f s + f su )

,

(1.16)

dN ö
÷ dΩ ;
dz ø

(1.17)

where:
æ
K s = ò ç NT
Ω
è
æh
K su = ò ç z
Ω
è2

fs = ò

Ω

∂NT dN ö
÷ dΩ ;
∂z dz ø
( NT ρ a g ) d Ω ;

(1.18)
(1.19)

æ hz ∂NT
ö
f su = ò ç
ρa g ÷ d Ω .
Ω
è 2 ∂z
ø

(1.20)

Note that equations (1.17) and (1.19) are equal to the stiffness matrix (1.9) and force
vector (1.10) obtained for the traditional Galerkin method. K su and fsu can be considered
the SUPG stabilization terms. By expanding (1.18) to a simplex tetrahedral element, we
obtain:
é dN1
ê dz
ê
ê dN 2
æ hz ∂NT dN ö
hz ê dz
K su = ò ç
÷ dΩ = ê
Ω
2 ê dN 3
è 2 ∂z dz ø
ê dz
ê dN
ê 4
ëê dz

dN1
dz
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dz
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dz
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dz
dN 2
dz
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dz
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dz

dN 2
dz
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dz
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dz
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dz
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dz
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dz
dN 3
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dN1
dz
dN 2
dz
dN 3
dz
dN 4
dz

dN 4 ù
dz ú
ú
dN 4 ú
dz ú
ú . (1.21)
dN 4 ú
dz ú
dN 4 ú
ú
dz úû

Note that (1.21) is symmetric and when it is added to (1.11), it improves the general
characteristics of the system of equations (1.16) to be solved.

To verify the accuracy of our approach, we solved (1.16) for a simple unstructured mesh
(Figure 8) and the results are shown in Figure 9. In comparison to the analytical solution,
the method performs quite well and the error is inferior to 0.01%. Although, our approach
is more expensive than the 1D integration, this approach is fast with current computers.
The solution of this problem for a 3D mesh with 2000 elements requires less than 1
minute in a 600MHz IBM Netfinity PC with Linux OS. We are in the process of applying
this algorithm in the solution of pressure and temperature equations for the Reconcavo
basin, Brazil, with meshes ranging in size from 100,000 to 1,000,000 elements.
Overburden pressure is an important component for the estimation of overpressure and
hydraulic fracturing in sedimentary basins (Mello & Karner, 1996).

Compaction

As sediments compact in evolving sedimentary basins, strata at different depths
consolidate at different rates because they are at distinct diagenetic phases. The porosity
decreases with depth, and thus the bulk compressibility of the sediments also decreases
with depth, causing the sediments move downwards at different velocities. The equation
describing the relationship between the true solid velocity can be obtained from the solid
continuity equation (Domenico & Palciauskas, 1979; Bethke, 1985; Wendebourg &
Harbaugh, 1997, p.120):
∇ • vs =

1 é dφ m s ù
+ ú
ê
(1 − φ ) ë dt ρ s û

,

(1.22)

where vs is the true solid velocity, d/dt is the total derivative and m s is sediment mass
source, if present. In obtaining equation (1.22), the solid grains composing the sediments
were assumed to be incompressible and thus sediment compaction is mainly controlled
by the change in porosity. When only vertical compaction is assumed, (1.22) reduces to:
∂vsz
1 é dφ m s ù
=
+ ú
ê
∂z (1 − φ ) ë dt ρ s û

,

(1.23)

where vsz is the vertical component of the true solid velocity. Note that (1.23) is an
ordinary differential equation similar in form to (1.3). To calculate the solid displacement
(uz) associated with compaction in the z-direction, we integrate (1.23) with respect time:
∂u z æ
m ö
= ç dφ + s ÷ = c ,
ρs ø
∂z è

(1.24)

where c is defined here to simplify the notation for the rest of this section. Here, we used
the fact that the solid velocity is related to the true solid velocity by (1 − φ ) v s . As

expected, if no mass is generated or consumed, the compaction displacement can be
obtained by integrating the porosity change in the depth interval:
u z = ò dφ d Ω .

(1.25)

Ω

z1

In 1D, (1.25) becomes u z = ò ∆φ dz , which is easily calculated. In basin modeling, the
z0

right hand side of (1.23) is assumed to be known and constant within each element and in
the time-step for each iteration of the solution.
To apply the SUPG method, we define the differential operator L2 as:
L2 (u s , φ ) =

∂u z
−c = 0
∂z

,

(1.26)

and following the steps described in the previous section to obtain the system of
equations:
(K u + K uu )u z = (fu + fuu ) ,

(1.27)

where:
æ
K u = ò ç NT
Ω
è
æh
K uu = ò ç z
Ω
è2

dN ö
÷ dΩ ;
dz ø

(1.28)

∂NT dN ö
÷ dΩ ;
∂z dz ø

(1.29)

fu = ò ( NT c ) d Ω ;

(1.30)

æ h ∂NT
fuu = ò ç z
Ω
è 2 ∂z

(1.31)

Ω

ö
c ÷ dΩ ;
ø

Note that the stiffness matrix of the compaction equation (1.27) is the same as the
sediment overburden pressure equation (1.16).
A sample application of this algorithm is shown in Figure 10. Our results indicate
accurate solution of (1.27). However, care should be taken in the estimation of the
average porosity of the elements to reduce potential noise induced by simple average of
nodal porosity.

Conclusions
In this paper, we have presented techniques that fully exploit the characteristics of
unstructured meshes in the modeling of evolving sedimentary basins in 2D and 3D.
Unstructured meshes are more flexible than curvilinear grids and allow realistic
representation of both complex geometry and anisotropy during the modeling. Realistic
modeling is critical for using its results for prediction and risk assessment purposes. The
techniques we described in this paper allow (1) the generation of stratigraphic meshes
using Laplace equation to generate surfaces representing time lines that constrain the
triangulation and (2) use a Streamline Upwind Finite Element formulation (SUPG) to
calculate compaction during the simulation of evolving sedimentary basins. Although this
paper has focused on basin modeling, many of the issues related to mesh generation
discussed here are pertinent to other areas such as reservoir simulation. This is especially
true nowadays, because of the need to incorporate more geological detail, anisotropy and
complex well paths in reservoir simulations.
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Appendix
A convection-dominated process can be expressed, for example, by the equation:
∂T
+ v • ∇T = Q
dt

,

where v is velocity, Q is the source term, t is time and T is the unknown quantity. In the
steady-state it reduces to:
v • ∇T = Q

.

If we assume that the velocity is non-zero only in the z-direction, it simplifies to:
dT
.
=Q
dz
Note that if vz is assumed to be equal the unit, this equation is an ODE with the same
form of equations (1.3) and (1.24).
vz

a

x
z

b
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i
k

Figure 1 - A) Schematic representation of sedimentary basin cross-section with 4 layers.
In b) a curvilinear grid is depicted. Note that the curvilinear lines in the x-direction follow
the stratigraphic time lines and the grid lines in the z-direction are vertical, making this
curvilinear grid non-orthogonal. In c) we display the computational grid mapped from
b).

Figure 2 - Schematic representation of sedimentary basin cross-section shown in Figure
1a without the border truncation. This border cannot be represented in curvilinear grids
such as displayed in Figure 1b because the quadrangular elements at the border are
degenerated to triangles and cannot be mapped to regular computational grids.
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Figure 3 - Schematic mesh based on triangle-strips.

Figure 4 - Fully unstructured mesh representing a cross-section of the Gulf of Mexico
basin. This mesh was generated using the techniques described in Cavalcanti and Mello
(1999).
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Figure 5 - Schematic stratigraphic column (a) and the boundary value to be solved to
obtain time lines across the formation (b).

Figure 6 – Unstructured stratigraphic meshes can be generated by constraining the mesh
generated with isosurfaces representing time lines. These time lines are obtained by
solving the Laplace equations with geological ages of the horizons as boundary
conditions.

Figure 7 – 3D model of a sigmoid (a); general unstructured mesh (b); isosurfaces
representing time lines (c) and stratigraphic mesh using isosurfaces to constrain the mesh
generation.

Figure 8 - Tetrahedral mesh with 30
elements and 24 nodes used to test our
algorithms against analytical solutions.
Five (5) geological layers are represented
in this mesh with thickness of 1 km each,
totaling 5 km for the sedimentary
column.

Figure 9 - Sediment overburden pressure diagram displaying the solution result of
equation (1.16), triangular marks, against the analytical solution (solid line) for the case
that porosity and densities are assumed constant through the entire sediment column. The
error in the solution is smaller than 0.01%.

Figure 10 - Displacement
vectors calculated for the
case that the layers
described in Figure 8 are
buried 1 km due to
sedimentation. The
displacement vectors
shown are only associated
with compaction and not
to the burial of 1 km. Note
that the displacement
decreases with depth.

