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ABSTRACT
A strategy is presented to define background meshes based on crystal lattices. Crystal-based background
meshes have much better initial distribution of minimum dihedral angles than regular background meshes,
facilitating the optimization procedures that rely on previously defined tetrahedral meshes. In addition,
these background meshes can reduce significantly, or even eliminate, the number of slivers generated during
a Delaunay triangulation.
Keywords: FE mesh generation, background mesh, crystal lattices, triangulation, tetrahedralization,
computational geometry.
1 INTRODUCTION
Discretization of geometric models representing domains of interest is an essential part of numerical solution of Partial Differential Equations. Delaunay triangulation algorithms are frequently used to generate
unstructured meshes for Finite Element Analysis. Although Delaunay triangulation has a well-defined method to create the connectivity of a set of points, it does
not provide a method for generating points within the
domain. The creation of these points is in many cases a
necessity to improve the quality of tetrahedral and triangular meshes. There are several methods described
in the literature for field point creation. A comprehensive review can be found in [1]. One of the most common methods proposed in the literature is the use of
auxiliary background meshes to define the position of
the field points to be inserted within the domain. Using
this approach, nodes from a regular grid, or an octreebased grid, are inserted within the domain during the
triangulation. Distinct background grids can be used
to control the density and distribution of points in the
domain. In this paper, we suggest an alternative approach to define background meshes. Our background

meshes are based on crystal lattices normally found
in rock minerals. We show that crystal-based background meshes have much better initial distribution of
minimum dihedral angles than regular grids, facilitating the optimization procedures that rely on previously
defined tetrahedral meshes.
In addition, crystal-based background meshes can
reduce significantly, or even eliminate, the number
of slivers generated during a Delaunay triangulation.
Crystal lattices of some minerals such as quartz (tectosilicate), or diamond (cubic-F) are very attractive
to be used as background meshes because they form
perfect tetrahedral lattices in the nature. In this paper, we investigate whether the quality of tetrahedral
meshes generated by a Delaunay triangulation can be
improved by using these crystal lattice templates for
background meshes.
Despite the fact that crystal lattices are formed by the
interaction of atomic forces, rather than a geometric
criterion, the use of predefined background meshes is
considerably faster and easier to implement than using physically based methods to define optimal posi-

Figure 1: The crystal lattice is formed by the replication of the basis to every lattice point. The combination of a rectangular point lattice with a two-atom
basis resulted in a two-dimensional hexagonal crystal
lattice.
tion of field points. This approach seems natural when
one considers that the dual of Delaunay triangulations,
Voronoi tesselations, have been used extensively in
crystallography to simulate crystal growth (e.g., [2])

2

CRYSTAL LATTICES AS TEMPLATES

Rock crystals consist of regular arrangement of atoms.
In a crystal there must be a long-range order such that
the pattern of the atoms repeats regularly throughout
the crystal. Crystal packing depends on the type and
size of the atoms, and also on the magnitude of interatomic forces. Many atoms, particularly metallic, can
be considered as regular spheres, which pack together
very closely. The structure of crystals can be described
in terms of a lattice, with a group of atoms attached to
every lattice point, as can be seen in Figure 1. The
group of atoms is called basis, which when repeated
in space forms the crystal structure. The point lattice is defined by three fundamental translation vectors
a1 ; a2 ; a3 . The set of points in the lattice is defined
by a translation operator, T :

(

)

T

=

1 1 + u2 a2 + u3 a3 ;

u a

(1)

where, u1 ; u2 ; and u3 are arbitrary integers [3]. Thus,
a particular crystal lattice is defined by the choice of
the basis and values for translation vectors. In this
study, we make the analogy between crystal lattices

Figure 2: Cross-section of a geological model with
complex geometry.

and unstructured meshes, where the atoms in the lattice
correspond to mesh nodes. In Figure 2, we show an example demonstrating how this concept can be used for
the creation of field points in the mesh generation process. In this example, we use a two-dimensional lattice
for the sake of simplicity, and in the next section we
apply these concepts to three-dimensional cases.
In Figure 2, a cross-section of a geological model is
shown with 4 sub-regions. The resulting mesh after inserting field points using a regular grid as background
mesh is shown in Figure 3. The meshing was done
by using a constrained Delaunay triangulation, as described in [4]. Not all the points in the background
mesh were used, because only points farther than a
minimum specified distance from the lines defining the
regions boundaries are inserted. This point classification is discussed in detail in section 3.2. Note that in
Figure 3 most of the triangles in the mesh are rectangular isosceles, and thus they possess one Æ and two
Æ internal angles. The predominance of these angles
is evident in the bimodal distribution shown in the diagram of angle distribution for the mesh (Figure 5). On
the other hand, we used an hexagonal crystal lattice
as a template for a background mesh to generate the
mesh displayed in Figure 4. Because the hexagonal
lattice has only equilateral triangles the distribution of
the angles is essentially unimodal, with an initial quality much better than the one generated using the regular grid as background.
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Once an initial triangulated mesh is created, smoothing
algorithms can be used to improve the quality of the
mesh by moving the unconstrained nodes of the mesh.

Figure 5: Angle distribution diagram for Figures 3
and 4. Note that the hexagonal lattice has a much better distribution of internal angles than the rectangular
lattice.
Figure 3: Triangular mesh using a regular grid as background mesh to create points within the regions of the
model displayed in Figure 2. Note that most triangles
are rectangular isosceles.

In Figures 6 and 7, we show the resulting meshes corresponding to Figure 3 and Figure 4 after a Laplacian
smoothing operator is applied. The respective diagrams of the angle distribution of these meshes are also
shown in Figure 5. The effect of the initial distribution
of the points is clear in these diagrams: the mesh that
had a bimodal angle distribution is much improved after the smoothing. However, its quality is still in general inferior than the initial mesh that used the hexagonal background mesh. When we apply the smoothing
operator to the mesh that used the hexagonal lattice,
we obtain a very good quality mesh as shown in Figure 5.

3 THREE-DIMENSIONAL LATTICES

Figure 4: Triangular mesh using a hexagonal lattice as
background mesh. Note that most triangles are equilateral.

In this section we show the results of performing unconstrained Delaunay triangulations using the main
types of background meshes based on Bravais lattice points [5]: cubic, hexagonal, tetragonal, and orthorhombic. The main characteristics of these lattices
can be seen in Figure 8, which shows their basic unit
cell. These cells are defined by the angle between their
axes and the magnitude of each basis vector. Note that
the cubic lattice corresponds to the regularly gridded
background meshes normally described in the literature.

Figure 8: 14 Bravais lattices [6].
Figure 6: Triangular mesh corresponding to Figure 3
after the application of the Laplacian smoothing operator.

3.1 Point creation in 3D
Since there are various possible crystal structures, they
have been divided into groups according to the configuration of unit cells or atomic arrangements. One
of the most widely used classification scheme is the
Bravais lattices (Figure 8). This scheme is based on
the unit cell geometry of a parallelepiped, regardless
of the atomic positions in the cells. In this scheme, a
coordinate system is defined with its origin at one of
the unit cell corners and its axes coincide with one of
the three parallelepiped edges, which extend from this
corner, as shown in Figure 8. The unit cell geometry
is completely defined in terms of six parameters: the
three edge lengths, and the three inter-axial angles.
It has been found that crystals can be classified based
on seven possible combinations of these parameters.
These seven crystal lattice systems are:

 cubic,
 tetragonal,
 hexagonal,
Figure 7: Triangular mesh corresponding to Figure 4
after the application of the Laplacian smoothing operator. Note that the quality of the triangles are superior
than the ones shown in Figure 6.

 orthorhombic,
 rhombohedral,
 monoclinic, and
 triclinic.

The lattice parameter relationships and unit cell for
each system is illustrated in Figure 8. The general
lattice is triclinic and all the remaining 13 are special
cases of it. Note that some systems are subdivided into
four packing types:

 primitive (P),
 body-centered (I),
 face-centered (F), and
 side-centered (C).
These lattices have remarkable symmetry properties
that have been discussed in detail by Lovett [7].
In this study, we used five lattices as templates for
background meshes:

 cubic-P (halite-NaCl),

Figure 9: Diagrams of dihedral angles for: CubicP (blue), Orthorhombic-P (brown), Tetragonal-P
(green), Cubic-F (red), Hexagonal-P (yellow) lattices.

The selection of the arbitrary integers in equation (1)
has an important effect on the occurrence of slivers. The cubic lattice is much more likely to present
problems because of the presence of more than 4 cospherical nodes. By changing the spacing of the nodes
from cubic (rectangular grid) u1
u2
u3
to
tetragonal or orthorhombic u1 6 u2 6 u3 lattice
greatly reduces, or even eliminates, the occurrence of
co-spherical nodes.

 cubic-F (diamond),
 orthorhombic-P,

( = = )
( = = )

 tetragonal-P, and
 hexagonal-P (quartz).
In Figure 9, we show the minimum dihedral angle distribution obtained by performing an unconstrained Delaunay triangulation to the points generated at the positions corresponding to each type of lattice. Note, in
this figure, that the histograms have a common interval
for the cubic, orthorhombic, and tetragonal lattices.
The crystal structure of the diamond and quartz are
especially interesting as templates for background
meshes because in the nature they have perfect tetrahedral bound arrangements, where all dihedral angles
are equal to : Æ. The space lattice for a diamond
is cubic-F. The basis has two identical carbon atoms at
; ;
; = ; = ; = associated with each point of
the cubic-F lattice. The tetrahedral bounding characteristic is such that each atom has 4 nearest neighbors
and 12 next nearest neighbors. Despite the fact that
the Delaunay triangulation is purely based on geometric criteria, it still generates perfect tetrahedra during
the triangulation of the diamond lattice, although only
). The hexagonal latin a small percentage (about
tice performs better than the diamond, where
of
all generated tetrahedra are perfect.
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In Figure 10, the triangulation of a model using the
cubic lattice is shown. The highlighted tetrahedra are
slivers, totalling 42. By just using an hexagonal lattice
on the faces bounding the model, the number of slivers
is reduced to 13. When an hexagonal lattice is used for
both the faces and the interior volume of the model no
sliver is produced at all.
3.2 Point Classification
The point classification step is necessary to determine
to which region of a model a node in the background
mesh belongs. Generally, the points of the background mesh are generated within the bounding box of
a model. A typical model may contain a set of regions,
which are 3D enclosed volumes, bounded by a set of
faces. Only points classified as being into a region, or
possessing a neighborhood of a predefined radius that
does not intersect any boundary face, should be used
in the triangulation.
To check whether a given point is into a region, it suf-

Figure 10: Triangulation of a model using the cubic
lattice. 42 slivers are generated and they are displayed
in dark gray.

Figure 11: Triangulation of a mechanical model using
an hexagonal lattice.

fices to count the number of intersections that a ray,
starting at the point, generates on the region boundary. If this number is even the point is outside. Otherwise, the number of intersections is odd and the point
is inside [8]. An alternative method, based on spherical polygons, can be found in [9]. Although straightforward, both methods are very slow in 3D, since the
number of nodal points may be quite large. The performance is further compromised if the boundary is
defined by a large number of 3D polygonal faces, or if
there are a large number of regions in the model.

secutive intersections is determined. For efficiency, we
have used a search data structure, R*tree [12, 13, 14],
to locate quickly the intersecting faces along the shooting ray.

We use an alternative method for speeding up the classification process. Rays starting outside of the bounding box are shot towards the box and we use the adjacency information of the 3D model to classify each
sample generated along a ray. This method has also
been used to create regular and rectilinear meshes for
arbitrarily shaped geological models [10]. In this case,
rays are shot and sampled at specific intervals, and
thus generating rectilinear meshes along a ray path and
reducing the classification to a one-dimensional problem. This process is analogous to the scan-line algorithm used in computer graphics for visible surface determination [11]. The intersection points between a ray
and the boundary faces of the model are sorted along
the ray path. Then, by using adjacency information,
the region that contains all samples between two con-
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THREE-DIMENSIONAL EXAMPLE

In Figure 11, we show the triangulation of a typical
mechanical part, and in Figure 12, the dihedral angle
distribution using an hexagonal and a cubic lattice. As
expected, the minimum dihedral angle distribution using the cubic lattice has three peaks centered at : Æ ,
Æ , and
Æ, corresponding to the minimal inter:
:
nal angles of the triangulation of a cube with 6 tetrahedra. Using the hexagonal lattice, these peaks are
shifted to Æ ; Æ , and Æ , respectively. After using
the smart smoothing described by Freitag [15] on both
lattices, the smoothed versions do not show any change
in the position of the peaks. They olny have their magnitude reduced and the distribution slightly spread, like
in a diffusion process. However, the hexagonal lattice
produced the most smooth distribution of all of them.
Also, the hexagonal lattice increased significantly (by
) the number of perfect tetrahedra.
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Figure 12: Angle distribution diagram for the model
shown in Figure 11.
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CONCLUSIONS

Among the 14 Bravais lattices, we have investigated
the use of five of them as background mesh templates
for the creation of field points in the mesh generation
process. In 3D, the hexagonal lattice produces the best
results. It generates perfect tetrahedra, and in general
avoids the generation of slivers. Our results indicate
that cubic lattices should be avoided due the potential
of generating a large number of slivers. This is specially true, if one uses cubic lattices in the interior of
the model and on the surfaces delimiting the regions of
the model. In 2D, hexagonal lattices are particularly
superior than rectangular lattices. Our results suggest
that when hexagonal lattices are used more than
of the triangles generated have dihedral angles larger
than Æ .
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